In this paper we establish an observability inequality for the heat equation with bounded potentials on the whole space. Roughly speaking, such a kind of inequality says that the total energy of solutions can be controlled by the energy localized in a subdomain, which is equidistributed over the whole space. The proof of this inequality is mainly adapted from the parabolic frequency function method, which plays an important role in proving the unique continuation property for solutions of parabolic equations. As an immediate application, we show that the null controllability holds for the heat equation with bounded potentials on the whole space.
Introduction and main result
Let N be a positive integer and let T be a positive time. Consider the following heat equation with a time and space dependent potential
with ϕ 0 ∈ L 2 (R N ) and a ∈ L ∞ (R N × (0, T )). According to Theorem 10.9 in [5] and Theorem 4.3 in [2] , (1.1) has a unique solution B r (x 0 ) ⊂ Q r (x 0 ); int(Q r (x 0 )) is the interior of Q r (x 0 ); a ∞ := a L ∞ (R N ×(0,T )) ; C(·) denotes a generic positive constant depending on what are enclosed in the brackets.
The main result of this paper concerning the observability inequality for solutions of (1.1) is stated as follows.
Theorem 1.1. Let E be a subset of positive measure in (0, T ) and let 0 < r 1 < r 2 < +∞. Assume that there is a sequence {x i } i 1 ⊂ R N so that
Let ω
Then there exist positive constants C = C(r 1 , r 2 ) and C = C(r 1 , r 2 , E) so that for any ϕ 0 ∈ L 2 (R N ), the corresponding solution ϕ of (1.1) satisfies
Serval remarks are given below.
Remark 1.2. In the case that E = (0, T ), the constant C(r 1 , r 2 , E) in the above theorem is of the form C(r 1 , r 2 )/T . The latter is consistent with the case of the heat equation on either bounded domains (see, e.g., [1] ) or the whole space (see, e.g., [12, 28] ). Remark 1.3. It is important to point out that in Theorem 1.1 we obtain an observability inequality with the same optimal dependence on the L ∞ -norm of the potential as in the well-known result for parabolic equations on bounded domains (see, e.g., [10, 16, 26] ). We also refer to [30] for the similar result for Kirchhoff plate systems with potentials in unbounded domains.
Remark 1.4. Quantitative unique continuation principles on multi-scale structures for Schrödinger and second order elliptic operators in large domains have been recently studied in [4] and the references therein. An important feature in those works is that the observation subdomain satisfies a so-called equidistributed set (see Figure 1 below for an illustration). This indeed motivates us to impose the similar assumption on the observation subdomain ω ⊂ R N in Theorem 1.1. Remark 1.5. The result in Theorem 1.1 generalizes the observability inequality for the pure heat equation in R N established very recently in [12, 28] to that of the heat equation with space-time dependent and bounded potentials. However, the observation set ω in [12, 28] is more general. To be more precise, a γ-thick set ω at scale L means that in each cube Q L with the length L, the N -dimensional Lebesgue measure of ω ∩ Q L is bigger than or equals to γL N . The proof therein is mainly based on quantitative estimates from measurable sets for real analytic functions.
The observability inequality for parabolic equations on bounded domains has been widely studied in past decades. When E is the whole time interval and the observation region ω is a non-empty open subset, we refer the readers to [17, 16] and a vast number of references therein for the observability inequality for parabolic equations. In those works, the proofs are provided by the method of Carleman estimates. When E is only a subset of positive Lebesgue measure in the time interval and the observation region ω is a non-empty open subset, we refer the readers to [25, 26, 27, 29] for the observability inequality for parabolic equations. More generally, when the observation subdomain is a measurable subset of positive measure in the space and time variables, we refer the readers to [14] for the observability inequality for analytic parabolic equations. The latter is mainly based on the propagation of smallness estimate for real analytic functions.
However, the studies on the observability inequality for parabolic equations on unbounded domain are rather few in last decades. We first remark that the observability inequality may not be true when the heat equation is evolving in the whole space and the observation subdomain is only a bounded and open subset (see, e.g., [21, 22] ). More generally, [23] imposed a condition, in terms of the Gaussian kernel, on the observation set so that the observability inequality for the heat equation in an unbounded domain does not hold. Next, we would like to mention the work [6] for sufficient conditions so that the observability inequalities hold true for heat equations in unbounded domains. It showed that, for some parabolic equations in an unbounded domain Ω ⊂ R N , the observability inequality holds when observations are made over a subset ω ⊂ Ω, with Ω\ω bounded. For other similar results, we refer the readers to [3, 7, 18, 20, 31] .
Recently, there are some key progresses on this research topic. For instance, [12] and [28] independently obtained the observability inequality for the pure heat equation on the whole space, where the observation is the thickness subset as mentioned-above in Remark 1.5. This could be extended to the time-independent parabolic equation associated to the Schrödinger operator with analytic coefficients (see [11, 19] ). The methods utilized in these papers are all based on the spectral inequality. Unfortunately, they are not valid any more for the case that the coefficients in parabolic equations are time-dependent.
The main contribution of the present paper is that we investigate a new method combined with the parabolic frequency function argument to establish the observability inequality for the heat equation with bounded and time-dependent potentials on the whole space. More precisely, we first use the frequency function method to derive a locally quantitative estimate of unique continuation for the heat equation with a bounded potential, where we particularly quantify the dependence of the constant on the L ∞norm of the involving potential. Secondly, combined with the above local result and the geometry of the observation subdomains we obtain a globally quantitative estimate at one time point for solutions of the heat equation with bounded potentials. We finally utilize the so-called telescoping method to prove the desired observability inequality. It is worthing to point out that these arguments stated above are inspired from a series of works [24, 25, 26] .
The structure of the rest of the paper is as follows. In Section 2, we give several auxiliary lemmas. They are useful in the proof of Theorem 1.1, which will be presented in Section 3.
Preliminary lemmas
First of all, we give two standard energy estimates for solutions of (1.1). For the sake of completeness we provide their detailed proofs in the Appendix.
In order to give the proof of our main result, we need the following auxiliary lemma, which is motivated by [26, Lemma 3] . Lemma 2.3. Let 0 < 2r R < +∞ and δ ∈ (0, 1]. Then there are two constants C 3 C 3 (r, δ) > 0 and C 4 C 4 (r, δ) > 0 so that for any 0 < τ 1 < τ 2 < T , x 0 ∈ R N , ϕ 0 ∈ L 2 (R N ) with ϕ 0 = 0, the quantity
(where C 1 > 1 is the constant given by Lemma 2.1), has the following two properties:
Proof. For each r > 0, we write B r B r (x 0 ) and Q r Q r (x 0 ). Since B 2r ⊂ Q R and
Hence, (2.4) follows immediately from (2.3).
We now turn to the proof of (2.5). Let
Multiplying the first equation of (1.1) by e −β/h η 2 ϕ and integrating it over B (1+δ)r , we get
Since
by (2.6), we have
This, along with Cauchy-Schwarz inequality, implies that
Here and throughout the proof of Lemma 2.3, ∇η ∞ ∇η L ∞ (B (1+δ)r ) . From the latter it follows that
Integrating the latter inequality over (t, T ), we get
(2.7)
We simply write b
Recall that t T . We now suppose h > 0 to be such that
Since η(·) = 1 in B r , the above estimate gives
We choose h as follows:
(2.9) (In the last inequality, we used the facts that (1 + δ)r 2r R and B (1+δ)r ⊂ Q R .) Next, on one hand, by (2.8) and (2.9), we get
which, combined with (2.10), indicates that
, the desired estimate (2.5) follows from the latter inequality immediately with
3 Proof of Theorem 1.1
We first introduce the following monotonicity of the generalized frequency function associated with parabolic equations.
The following two properties hold:
We then have the following two-ball and one-cylinder inequality, which is inspired by [13, Theorem 2] . Its proof here is adapted from [26, Lemma 4] by using Lemma 2.3 instead.
where R 0 (1 + 2δ)R and C 1 is the constant given by Lemma 2.1.
We set u χϕ. It is clear that
Furthermore, we define g −2∇χ · ∇ϕ − ϕ∆χ.
Step 1. Note that g is supported on {x :
We can easily check that 
. On one hand, by Lemma 2.1 (where r, R, τ 1 and τ 2 are replaced by R 0 , 2R 0 , T /4 and T /2, respectively), we have
5)
where K 2 K 2 (R) > 0. By Lemma 2.2 (where R and τ are replaced by R 0 and T /4, respectively), we get
where K 4 K 4 (R, δ) > 0. According to (2.5) (where r, R, τ 1 and τ 2 are replaced by R, 2R 0 , T /4 and T /2, respectively), it holds that
Here, we used the fact that h 0 < T /4 (see (2.4) ). This, along with (3.7), implies that
On the other hand, by similar arguments as those for (3.4), we have
. This, together with (3.5) and (3.6), yields
(3.11)
Step 2. In this step, our plan is to give an estimate about λN λ,R0 (T ) (see (3.1)). By (ii) of Lemma 3.1 and (3.2), we get
From the latter inequality it follows that
Hence, for any 0 < T − ε t < T (where ε will be determined later), we have
Moreover, by (i) of Lemma 3.1 and (3.2), we observe that
This, along with (3.12), implies
Next, on one hand, it follows from (3.9) and (3.11) that
where K 6 K 6 (R, δ) > 0. This, along with (3.13), implies that
Integrating the latter inequality over (T − ε, T − ε/2), we obtain e ελ ε+λ N λ,R 0 (T )
This yields
On the other hand, by (3.5), we see
, which, combined with (ii) of Lemma 2.3 (where r, R, τ 1 and τ 2 are replaced by R, 2R 0 , T /4 and T /2, respectively), indicates that
Then, it follows from (3.15) and (3.16 ) that for each ε ∈ (0, h 0 ],
Finally, we choose λ = µε with µ ∈ (0, 1) (which will be determined later) and ε = K1h0 2(C5+K1) so that Q h0,ε,λ (see (3.14) ) satisfies Q h0,ε,λ = K 6 (1 + ε) 1 + T −2 e C 5 +K 1 h 0
(3.18)
Since ε h 0 , by (3.17) and (3.18), we get According to (i) of Lemma 2.3 (where r, R, τ 1 and τ 2 are replaced by R, 2R 0 , T /4 and T /2, respectively), it is clear that
These, together with (3.19) , derive that
Hence, 16λ
, (3.20) where K 7 K 7 (r, R, δ) > 0.
Step 3. We claim that
dx.
(3.21)
Indeed, since B R0 is star-shaped with respect to x 0 , we have (see, for instance, [13] , [24] or [26] )
This implies
where in the last line, we used the definition of N λ,R0 (T ) and the fact that u = ϕ in B r . Then (3.21) follows from (3.22) and (3.20) immediately.
Step 4. End of the proof.
We choose µ = 1/[2(1 + K 7 )]. Then, λ = µε = K1h0 4(1+K7)(C5+K1) . By (3.21), we have
This, along with the definition of h 0 (see (2. 3), where r, R, τ 1 and τ 2 are replaced by R, 2R 0 , T /4 and T /2, respectively), implies that
Hence, we can conclude that the desired estimate of Lemma 3.2 holds with
In summary, we finish the proof of this lemma.
At last, based on Lemma 3.2 we will derive an interpolation inequality for solutions of (1.1) at one time point, which is analogous to those established for parabolic equations in bounded domains; see [1, Theorem 6] and [26, Lemma 5] for instance.
Then there are two constants C 8 C 8 (R) > 0 and θ θ(r, R) ∈ (0, 1) so that for any ϕ 0 ∈ L 2 (R N ), the solution ϕ = ϕ(x, t) of (1.1) satisfies
Proof. By Lemma 3.2 (where r, R and δ are replaced by r, √ N R and 1/2, respectively), we obtain
where K 1 K 1 (R) > 0, K 2 K 2 (R) > 0 and θ θ(r, R) ∈ (0, 1). This, along with Young's inequality, implies that for each ε > 0,
(3.24)
Hence, (3.23) follows from the latter inequality immediately.
In summary, we finish the proof of this lemma. Now, we are able to present the proof of Theorem 1.1 by using the telescoping series method. For the convenience of the reader, we provide here the detailed computations although it is more or less similar to that of [26, Theorem 4] .
Proof of Theorem 1.1. For any 0 t 1 < t 2 T , by a translation in the time variable and Lemma 3.3 (where r, R, x i and ω i are replaced by r 1 , r 2 , x i and ω i , respectively), we obtain from Young's inequality that
for each ε > 0, (3.26) where
. Let l be a density point of E. According to Proposition 2.1 in [25] , for each κ > 1, there exists l 1 ∈ (l, T ), depending on κ and E, so that the sequence {l m } m 1 , given by
By a standard energy estimate, we have
This, along with (3.28), implies
for each ε > 0, which indicates that
(3.29)
Here and in the sequel, χ E denotes the characteristic function of E.
Since l m − l m+1 = (κ − 1)(l 1 − l)/κ m , by (3.29) and (3.27) , we obtain
for each ε > 0. This yields
for each ε > 0. Denote by d 2 K2
κ(l1−l)(κ−1) . It follows from (3.30) that
for each ε > 0. Choosing ε = e −dκ m+2 in the above inequality gives
(3.31)
Take κ = α+2 α+1 in (3.31). Then we have
Changing m to 2m and summing the above inequality from m = 1 to infinity give the desired result. Indeed,
In summary, we finish the proof of Theorem 1.1.
We show an application of Theorem 1.1 on the null controllability from measurable sets in the time variable. The latter plays an important role in deriving the bang-bang property for the time optimal control problem (see, e.g., [1, 25] ). Under the same assumptions of Theorem 1.1, we consider the following controlled equation: (0, T ) ), and u ∈ L 2 (R N × (0, T )) is a control function. Write y(·; y 0 , u) for the solution to (3.32). By a standard duality method (see, for instance, [27] ) and Theorem 1.1, we can easily obtain the following null controllability result. (Its proof will be omitted here.) 
where the constants C and C are given by Theorem 1.1, so that y(T ; y 0 , u) = 0.
Remark 3.5. It is interesting to ask the following question: whether the null controllability for semilinear heat equations in R N with the control acted on the equidistributed set ω holds? It is well-known that the null and approximate controllability were proved for semilinear heat equations in a bounded domain Ω (see, e.g., [15, 16] ). Roughly speaking, their proofs consist of two parts: (i) null and approximate controllability of the linearized system; (ii) fixed-point theory. When Ω is a general unbounded domain, however, the above approach cannot be directly applied because of the lack of compactness of Sobolev's embedding, which is one of the main ingredients used in (ii). Instead, the authors of [9] studied the approximate controllability of a semilinear heat equation in an unbounded domain Ω by an approximation method. More precisely, they first considered the control problem in bounded domains of the form Ω r Ω ∩ B r , where B r denotes the ball centered at the origin and of radius r. They then showed that the controls proposed in [15] restricted to Ω r converge in certain sense to a desired approximate control in the whole domain. The approximate controllability of a semilinear heat equation in R N was also considered in [8] , where the author introduced weighted Sobolev spaces and adapted the technique introduced by [15] . Inspired by the ideas in the works [9] and [8] , we tried to use Corollary 3.4 to prove the null controllability for a semilinear heat equation in R N with the control acted on ω. By our understanding, one may need to improve our main result in the following two ways: (i) the dependence of observability constant (in the observability inequality) on r; (ii) a suitable weighted observability inequality. The authors hope to explore them by introducing some new ideas in the future work.
We end this section with an interesting observation. According to Lemma 2.1, it is clear that for any r < R, the solution ϕ of (1.1) satisfies
Under the same assumptions of Lemma 2.1, we consider the following controlled equation:
where z 0 ∈ L 2 (R N ) is an initial state, v ∈ L 2 (R N × (0, T )) is a control and b ∈ L ∞ (R N × (0, T )). Write z(·; z 0 , v) for the solution to (3.34). By a standard duality method (see also [27] ) and (3.33), we can obtain the following null controllability result. (Its proof will be omitted.)
Hence, (2.1) follows from the last inequality immediately.
Proof of Lemma 2.2. For each r > 0, we write B r B r (x 0 ). Let η ∈ C ∞ 0 (B 
